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Abstract. In this paper, we consider a general class of continuous 

distributions given by [ ] .)()(1
c

bxahxF +=−  A recurrence relation 

for single higher moments of generalized order statistics from the 

doubly truncated case of the above class is derived.  Recurrence 

relations for single higher moments of ordinary order statistics and k-

records (ordinary record values when 1=k ), have been obtained as 

special cases from generalized order statistics. These results are 

utilized to establish similar recurrence relations for Weibull, Pareto 

and Power function distributions. 
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1. Introduction 

Recurrence relations for moments of generalized order statistics (gos's) 

have been discussed by 
[1-8]

, among others. In 
[9]

 some relations for 

moments of gos's of a general class of continuous distributions have 

obtained. In this paper we obtain a recurrence relation for single higher 

moments of gos's in the case of doubly truncated distributions. Suppose 

that the random variable X  has a distribution function (df) of the 

following class of absolutely continuous distribution: 

[ ] ,,0,0,)(1)( βα ≤≤≠≠+−= xcabxahxF
c

            )1.1(  
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and probability density function ( pdf )   

[ ] .)()()(
1−

+′−=
c
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It is well known that the doubly truncated pdf, say )(xf
d

, is defined 

as 
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where  .)(and)(
11

QFQPFP ==   

The df and pdf of the doubly truncated case of (1.1) and (1.2) are given 

by 

,
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2. Recurrence Relations for Single Moments of GOS'S 

Let 
kmnnkmnkmn

XXX
,,;,,;2,,;1

,...,,  be n gos's from the pdf (1.2), ( 1>n ,m 

and k are real numbers and 1≥k ). 

The pdf of  
kmnr

X
,,;

 is given by 
[1]

 as follows  
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where χ  is the domain on which )(
,,;

xf
kmnrX

 is positive and  
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The  j
 th

  moment of the r 
th

  gos can be obtained, for 1≥j , from (2.1), as 
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The j
th

 moment of ordinary order statistics (oos's) and k-records can 

be obtained, from (2.2) by putting 1,0 == km  and 1,1 ≥−= km , 

respectively. 

A recurrence relation for higher moments of gos's can be obtained in 

the following theorem. 

Theorem 2.1 

Let X be a r.v. with )(xF
d

 defined on ),(
11

QP  by (1.3) then for real 

numbers km,  with 1,1 ≥−≥ km  and integers 1, ≥jr , the recurrence 

relation  
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is satisfied, where  ( )bxah
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Proof 

From (2.2) we can write  
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Integrating by parts, we obtain 
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which can be written as 
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or equivalently, 
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Eq.(2.4) can be rewritten as    
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making use of  )(
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or equivalently, 
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as desired. 

Remarks 2.2. One can note the following special cases 

(1) The doubly truncated case of a distribution is the most general 

case since it includes the right truncated, left truncated and non-truncated 

distributions as special cases. 

(2)  In the left truncated )1( =Q , Eq.(2.3) reduces to 
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(3) In the non-truncated case )0,1( == PQ , Eq.(2.3) reduces to 

relation (2.8), which means that the relations in the left truncated and 

non-truncated cases are similar in the form in spite of the difference in 

their domains. Note that Eq.(2.8) coincides with the result obtained by 
[9]

. 

(4) In the right truncated case )0( =P  the recurrence relation is given 

by Eq.(2.3). 
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(5) In the case of oos's )11,0( +−=== rnandkm
r

γ , Eqs.(2.3) 

and (2.8) are reduced, respectively, to 
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(6) In the case of k-records )1,1( ≥−= km , Eqs.(2.3) and (2.8), 

respectively become, 
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 Note that for ,1=k  we obtain the orv's case. 

3. Special Cases 

In this section, three members of class (1.3) are used to illustrate the 

derived relations in these cases. These members are Weibull, Pareto and 

Power function distributions. 

(1) Weibull Distribution 

Choosing 
p
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The relation (2.8), reduces to 



Recurrence Relations for Single Moments … 

 

85 

.

1,)1(

1,)1(

,,;

,,;

)(

,,;

,,;

)(

)()(

,,;

,,;

,,;1,,;

⎪
⎪

⎩

⎪
⎪

⎨

⎧

−=⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
⎥
⎦

⎤
⎢
⎣

⎡
−−

−≠⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
⎥
⎦

⎤
⎢
⎣

⎡
−−

=−
−

−

−

−

−

meXEQ
kp

j

meXEQ
p

j

p

p

kmnrX

kmnr

pj

kmnrX

kmnr

pj

rjj

pj

kmnr

pj

kmnr

kmnrkmnr

θ

θ

μ
θ

μ
θγ

μμ  

The relation (2.8), reduces to 
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The relation (2.9), reduces to  
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The relation (2.10), reduces to  
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The orv's case is obtained for 1=k . 

The exponential and Rayleigh distributions are obtained for the choice 

,1=p  and 2=p , respectively. 

(2) Pareto Distribution 

Choosing p
xxhcba
−

==== )(,1,0,1 , in (1.1) one has 
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The relation (2.8), reduces to  
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The relation (2.9), reduces to  
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The relation (2.10), reduces to  
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The  orv's  case is obtained for 1=k  . 

(3) Power Function Distribution 

Choosing p
xxhcba ===−= )(,1,1,1 , in (1.1) gives that 
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The relation (2.3), reduces to 
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The relation (2.10), reduces to  
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Note that the orv's case is obtained for 1=k . 
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