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Abstract
Existence and uniqueness of solutions of a system of abstract measure
of differential equations are investigated. Local stability is studied. The

main tools are contraction mapping principle and Schauder’s fixed point
theorem,

1. Introduction

Let R denote the real line, R" denote the Euclidean space with

respect to the norm ||~ defined by
lx ’m = max(| X i’ |.’J€2 I? v Ixn I}
and let X be a Banach space with norm dencted by #-|. For any two

points x, ¥ € X, the segment ;7;; is defined by
;§:{zeX:z:x+l(y—x),0£k<1}.

Let xg, yg be two fixed points of X and z be a variable point of X such

that xyz and %; are nonempty and x4z ¢ %E. For x;, 29 € y32, we

2000 Mathematics Subject Classification: 34D99, 34C07, 34K99, 28899,

Key words and phrases: measure differential equation, contraction operator, complex
measuresfixed point theorem.

© 2004 Pushpa Publishing House




74 SIHAM J. AL SAYYAD

write x; < x5 if ypa; € yyxp. For any point x e yoz, we define the sets

S, and S, as follows:
Sy =fx:-o<i<1), S, = {hx :~e0 < A <1},

Let w = | %y — yg || denote the distance between xy and y,. For each

% € xpz, there exists a unique vector x' < x such that x' < x and
fax—x'] =w, and we denote this vector by xw. Note that xw and wx are
identical if and only if w = 0 and x = 0 (the zero vector of X).

By a vector measure p defined on a c-algebra M, we mean an ordered
n-tuple (py, P, ..y py) of n real measures. The norm §p 4, of pis
defined by

2l =max( ol o2 b fa )

i

where | p; . ¢ =1, 2, ..., n, denotes the usual norm of the real measure
p; defined in [2]. Let ca(X, M) be the space of all vector measures
defined on M. It is clear that ca{X, M) is a Banach space with respect to

the norm defined above. If u is a positive measure on M and
p e ca(X, M), then we say that p is absolutely continuous with respect

to p, if p(E) =0 implies p(E) = 0 (the zero vector in R™). In this case
we write p << u. For p e ca(X, M), we define a positive measure |pl,

by
| P, (B) = max( py {E), ..., | p, [(E)),
where | p — 1| denotes the total variation measure of the real measure p,
as defined in [2}].
We shall use the concept available in the following theorem:
Theorem A [2]. Let 1 be d posttive measure on a g-algebra M. Then
(@) w@)=o0.
M) wlA U —UA) =)+ wldy); if Ay, 4, are poszltige

disjoint members of M,
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(© A c Bimplies W(A) < W{BYif Ac M,Be M.

@) w(dy) > () as n > w if A =US A, A, ¢ M and Ay ¢ Ay

(@) pld,) > wA)as n - o if 4 = Moz An, A, e M and A = A,
= Az o .. and wW(A) is finiie.

Let My denote the smallest g-algebra on §xa containing x; and the

sets S, x € yo¥g. For any 2 > xg, let B, denote the smallest

c-algebra defined on S, containing M, and the sets Sy, x e Tc@ For a

given positive number I, we define the sets By and Cy by
By ={u:ueR" fu }m <H}, Cy={ge caz(g;:, My):laq []R < H)}.

Now we consider the following system involving the delay w
d —
g = G P (1.1)

and the initial condition

PE) = g(E), E e M,, (1.2)

where q ¢ Cp is a known vector measure, gﬂ is the Radan-Nikodym
H .

derivative of p with respect to p, and f(x, y) is an B"-valued function
defined on S, x By, such that for each p e ca(S,, M,), flx, P(Sep)) is
p-integrable.

It can be observed that the equation (1.1) is equivalent to n
differential equations

d . r—— .
Wi e PG P15

satisfying p;(E) = q;(E), where py, ps, .., p, € p, fi, for o [y, and
q1, 49, - 4n € 4.
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Definition 1.1. Given an initial measure g e Cy, a vector measure

p e calS;, M) (for some z > xy) is said to be a solution of (1.1), (1.2) if
W) p(E) = q(E), E e My,
(i) p < u on xgz,
(i) p(E) e By, E e M,,
(iv) p satisfies (1.1) a.e. [1] on xgz.

It is clear that the conditions (ii) and (iv) together are equivalent to
the following condition

pE) = [ f oS, E e w2

when we say that p satisfies condition (i) or (iv), we mean that it holds

for all measurable subsets x,z.

Definition 1.2. A solution p of (1.1) and (1.2) existing on %5 will be
denoted by p(g;:, q).

2, Main Besult

In this section we investigate the existence, uniqueness, extension
and stability of solution p for the systems (1.1) and (1.2) using fixed point
theorems due togSchauder and Banach [1, 2, 3], respectively.

We assume the following:
(i) ulxp) = 0.

(it) For any z > x, M, is compact with respect to the topology

generated by the metric “d” defined by
dEy, Eg) = W(EAEy), Ey, Ey ¢ M,

where E;AKy is the set symmetric difference between E; and E,.
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(ii1) There exists a p-integrable real function U{x) defined on S, such

that
|76 %), <T@, (5 5) S, x By
(iv} f(x, y) is continuous in y for each x ¢ S,.
(v) g is continuous on M, with respect to the pseudo-metric d
defined in (i1).

(vi) f(x, y) satisfies Lipschitz condition of the type

|G, 1) = flx, o) < Ly = va |
for {x, » ). (x, y3) € S, x By, where L is Lipschitz constant.

Theorem 2.1. Let the assumptions ()-(vi) hold. Then for a given
initial measure g ¢ Cy, there exists a solution p(g, gl of (1.1) and (1.2)

on xgx; for some xy > xg.

Proof. Let r,(>1) be a decreasing sequence of real numbers, such

that r, - 1 as n — © and

-
Ty e T LS?*__}_JCC;’

Srlx(} - SJWCG

then we have

lim 1S9~ Sy ) = 0.

N30

This shows that there exists a number r* and point x; = r*xy such that

% < 8, and

f Ux)dp < H - g, @1
XX

This is possible by virtue of (i} and positiveness of pu. Now in the Banach
space By = ca(Sy,, M, ) defined by the subset

S = {p e By, p(E) = q(E) if E € My and || p|, <k},
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where
k:ﬁMh+jmﬁ@h 2.2)
agxy
From (2.1) and (2.2) it follows that

{!pﬂn <H pe8.

Now we define the operator T on S by
(Tp)(E) = olE), E e M, (2.3)

(Ip)E) = | 1 pSuddn, E = x5, @4

let pe 8 and E e M x,» then there exist two disjoint sets F and G

in M, suchthat E=F UG, Ee My and G xpx1. Then from (2.3)
and (2.4) it follows that

T E),, <1}, + [ 76 PG
which by virtue of (i) and (2.2) implies that

MﬂﬂhéﬁqM+miy@mu:h

xpXy

This shows that T maps S into itself. The continuity of f{x, ¥} in v leads

to the continuity of 7. To show that 7 is compact on S, consider a
sequence {p,} in 7S (image of S under T). Clearly, {p,} is uniformly

bounded. Let £, and Ejy by any two sets in M - x,. Then as before we

have
E; =F UG, FeMy G cxom
and

FNG =@, i=12.
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Now from (2.3) and (2.4) and the condition
G = (G -G UG NGy, Gy =(Gy -G UG N Gy),

we obtain

PulL) = 1 (B) = a(B) = a(Fo) v [ flox, pa (Sl
1—Cig

- 1 puEan
This by virtue (iii) imples that

Ipi‘i(El) - p}l(‘ng) !n}, < f Q(Fl) - Q(FQ) %m, + fG A U(x)d!'l' (25)

148G
Hence from (2.5), (v} and p-integrability of U, we conclude that

!p?I(El)— pn(EZ)[m - {} as d(]‘:‘l, EZ) s 0

which shows that the sequence {p,} is equicontinuous. By (ii) M 5 18

compact. Therefore, by Ascoli’s theorem, we further conclude that TS is
compact and hence T is a compact operator. Thus 7T is completely
continuous on 8. An application of Schauder’s fixed point theorem now

shows that there exists a solution p(bxa, g) of (1.1) and (1.2) existing on

QE and this completes the proof.

Theorem 2.2. Let the assumptions (1), (i) and {(vi) hold and q e Cy.

Then there exists a unique solution p(%, q) of (1.1) and (1.2) existing on

xgxy for some x; > xy.

Proof. Construct a point x; as in Theorem 2.1 satisfying the

additional condition

Lop(xgay) < 1. ' (2.6)
Define the set S and the operator T on S as in Theorem 2.1. Then T maps
S into itself. Also the assumption (vi) and the condition (2.6) imply that 7'
is a contraction operator on S. Applying Banach’s fixed point theorem,
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there is a unique solution p(—S:;, q) of (1.1) and (1.2) existing on xyx;.

This completes the proof.

Under the hypotheses of Theorem 2.1, it can be shown that a solution
p(§;;, g) of (1.1} and (1.2) existing on ;c;)mxi can be extended to larger

segment, whenever ufx} = 0.

Theorem 2.3. Under the hypotheses of Theorem 2.1, let p = p( g q)
be a solution of (1.1) on xgx,. Then the solution p can be extended to a
larger segment if p{x;} = 0,

Proof. Consider p = p(S,.,q) as the initial measure defined on
M,,. Note that | p|| < H. Also, by the assumption pix } = 0. Hence by
Theorem 2.1, there exists a solution D= pl(E;;: p) of (L.1) on x;x4 for
some xg > x;, satisfying the initial condition p{E)=pE), if Ee M P
This solution p; is defined on M xp the smallest o-algebra defined on
Sy, containing {x;}, M, and the set 5, xe X1xp. 1t is clear that

n(E) = q(E), E € M. Hence p is the desired extension of Dy

Definition 2.1. Let g € Cy. If for each & > 0, (e < H) there exists a
number 7 = ne) and a solution P(é—x—o“: g) of (1.1) and (1.2) such that

laf, sn implies i pi, <& then we say that the solution p is locally

stable with respect to the initial measure ¢.

For our next theorem we need the following assumptions:

(vil) f(x, ¥} is a p-integrable function on S, x By and f(x, 0) = 0,
where z > xg is fixed.

(viii) Given 8 > 0, there exists ©=¢(8)>0 such that

if(x: )~ flx, ye) Im 5 6' Y1 e [m whenever Iyi gm’ | Y2 §m <&

Theorem 2.4. Let the assumptions (vii) and {viit) hold. Then there
exists a number gy > 0, such that for every €, 0 <e < gy, and a fixed
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number b e (0, 1), there is a unique solution p(§;, q) of (1.1) and (1.2)

satisfying | plj, <e, wherever | q ||, < be.

Proef, et 8 = 1%, where ky = (xoz). Corresponding to this §,
there exists by (vii) a number g; > 0, such that
[Flx ) = e, y2)l, <8 = wa (2.7)
whenever |y [, | v ], < ¢
Now forany &, 0 <g < &g, define
S(e) = {p ecalS,, M,):|p [, < a}.
Let p € S(e). Then by using (vii) and (2.7), we obtain
{fx, (S} - flx, 0], < 8e 2.8)

Define an operator Ton S(g) by

(To)(E) = ¢(E), E e M,
(Tp)(E) = jE f(x, p(Sp ), E < xpz. @.9)

For E < M,, there exist two disjoint sets Ey and Ey in M, such that

E=FE UE,;, E eM,, E;c xe. (2.10)

Hence for £ ¢ M,, we obtain from (2.9) and (2.10)
IToEN, < Ha b (B + [ flx, pSa)l,dn
b

which implies that
121, = llal, +8eulxoz) < bs + (1 - b)e = ¢,

1-3

since | q || < be, and § = MESE
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This shows that 7 maps S(g) into self. It can also be verified that, 7
s a contraction operator on S(¢). By an application of contraction
mapping principle, there exists a unique solution p(S_x—D—, g} of {1.1) and

, <& whenever jq | < be.

(1.2) satisfying || p |,

This completes the proof.

Remarks. (i) Different types of norms are used in this paper in order
to meet certain requirements on the operator 7’ defined in Theorems 2.1
and 2.4. Other convenient norms may also be used.

(i1} Theorems 2.1 and 2.3 can also be established when p and P are

complex vector measures, by defining S,, S, and B p suitably.
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