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ABSTRACT
A regular structure for g fopological space /s defined. Also, a refation
hetween a requfer structure and an Abian's structure js investigated.

INTRODUCTION
in [1], Abian defined a uniform structure for a topological space so that '
the thecrem that a continuous function on a compact space is uniformly
continuous holds. As uniform spaces are well- known leg. 1, 4], one
would naturally like to compare a uniform structure with a uniformity
when the former is defined. However, it does not seem easy {o do this
between a uniform structure defined by Ablan ( we shall use the name
“abian’s structure” in the seguely and a uniformity. In this paper, we
define a regular structure (Definition 2.1 below) for a space 50 that
the above mentioned theorem holds and if is easy to compare a reguiar
structure with a uniformity. Moreover, a relation between g regutar
structure and an Abian's siruciure is found and it follows that a
topological space which admits an Abian’'s structure must be regular.

1. PRELIMINARIES

We state here definitions occurred in [1] and a simple resuit for latfer use. Let X
be a topological space and ! an index set. Foreach i€/, iet i be a coliection
of open sets of X, Moreover, for each 1€ /and each x € X let 300 ={X € y°
x € X3 and 300 = w{X 0 X € 500} An ordering < for [is defined as follows.
For §,jin{,i<f if and only if every X, € y; is a subset of some X &y it
should be noted that < is reflexive and transitive, The family { y; 11 € [} is called
an Abian’s structure for the space X if it has the following properties (i), () and
(1D,

{1y If x is a point of an open set G in X, then there is an j e/ such that u {3
(vi:¥ ¢ S} <G

(i) For any i in |, we have either i £jorjsi

(1w §GX eyd= Xioveachiel
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Next property (1V) is an easy consequence of (1) and the fact that each member
ineachy,is openin X : -

(IVy A subset G of X is open if and only if for each x ¢ Gthereisani e
such that S{x) = G '
Now, fet X and Y be two topological spaces with Abian's structures {x; (1 e I}
and { Y ;. j «Jy respectively. A function ffrom X to Y is said to be uniformiy
continuous if for each y; = 3, is mapped into some ¥, ¢ Y

2. DEFINITIONS
In this section we define regular structures for a non-emply set and introduce
the concept of uniformiy continuous functions.

Definition 2.1. Let X = o be given and A denote the diagonal of X = X A
collection {J of subsets of X » X is called a regular structure for X if the foliowing
conditions are fulfitied:

(1) & is a subset of each U e [/ .
{2) The franspose U of each member U ( ] contains some V & U
{3) The intersection U ~ V of each two members in #/ camama a third one,
(4) For each U & (] and x e X thereexists a V = [ such ihat Ve {7 such
that V. V] {7 fylfor all y & V [x].
The above notations are as in |2, 3, 4]

It is clear that [/ would be a base for a uniformnity for X if condition (4) was
suitably strengthened. It is also clear that a topology for X can be induced by
defining aset G o Xtobe openif foreach x e Gihereisa U e with Ux]
.

Definintion 2.2, Lat {x, U yand (Y, Lr;) be two spaces {with this notation, #
is understood that [7 and IV are regular structure for X and Y respectively) and
let fbe a function from Xto Y. fis said to be uniformly continuous if fereach V «
V there exisisa U e V  such that U]} VI Tor every X & X,

3. RESULTS

Theorem 3.4 If a function F from (X U o Y, 17) is continuous and the
space (X I:f) is compact (topological properties are relative to the topologies
induced by { and ¥ 3, then Fis uniformly coniinuous.

Froof letV e i7 be given. For each x € X, since f{x) ¢ v, by condition (4)
in 2.1, there exists a VeV such that VoV [yf o Viyj forally V. DJL Also,
there exists af¥ & %such that W, V‘xnif « Since fis continuous, there is for

each x e X a l, e {7 such that LG o W ix)L By conditions (4) in 2.1
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again, thers is foreach x ¢ X a UX < 17 such that 17 e 1, RV U izl for all 2
& I_}, [xi. Ciearly {int {f'} Jx) o x e X is an open coveting for the cmmg)act
space X Thus iva {x1 o =1 2, ..., n}= Xfor some findte set {x1, X;,... X
in X, By condition (3) in 2.1, there exists a [/ = Zcontaked in {U pow g,
2 .y, Assert ffJUDG < Vot forall x e X To see thls et x rX be g!ven X &
4 s jforsome pe {12, .n} Hence Ulxjc ” Mo U o U e
pr fxp) and
FURD= (U ) W, [T 060 ",
in particular, we have {x}p W [F (] Since W ol V ., We gst
fix)e Vi, [fx)] and f(x) e V_r {f(x}] it folows that W {f (xp)f c: V o Vip
[f(x)]. This together with (=) gives U] o V [ix)] This pmoi i5 wmpie’te
To study the relation between an Abian's struciure and 4 regular structure, let a
topotogical X and an Abian's . structure {y, - i { } be given. Foreachic /!, K we
define U= {{x v} ¥ e S} With this notation | we have
Theorem 3.2 ﬁ = i, D ie 1} is regular structure for X (we shali call it the
reguiar structure induced by the given Abian's struciure ) and ihe topology
induce by {] coincides with the ghven topoiogy for X |
Proof. We have (o check if U satisfies the four conditions in 2.1. condition
(1) is clearly satistied. We shail show that {/,"' © U, for each i e/ and condition
(2) follows. It is easily seen that U ] = S (x) foralii « | and all xe X W {xy} e
Uy, then ye S yxp= o X0 Xis g (x)} that is there is an ){, € v (X} such that
ye X . Thus xe X, ey (v} and xe S fy) which implies (7, xje U or (x, y)e
Uz T To prove that condition (3) holds, let fand jin [ be given. In view of
property {11} in § 1, we may assume that i €J. Then it is clear that U, ~ U= U,
Finaliy, let [=] and x= X be given. Fix an Xie 3 (x}. Since X, is open and x« X
by (1), there is a je f such that “Y{SH{y): ¥y S} X o Sfx). Similarly, there is
a k< | fwe may assume ksj ) sich that ~ (Sl ve Sl o S . 1 routine

to show that I/ U {yicll Ty] for alt y = U [x]. Thus condition {4} is also

satisfied. # remains t(} show that the topology induced by U is the same as the
given one for X But this is cbvious by (V) and the fact that S} = Ux) for all x
¥ X The theorem is now proved,

Concerning the definition of uniformly confinuous function, we have the
following.

Theorem 3.3. Let X Y be topelogical spaces with Ablan's struciures {y,
ie !} and {YJ_ :jé J } respectively, and let £ be a function Xfromto Y. We
have !
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{(ayiis unifmmii; continuous according to § 1, then fis uniformly continuous
according o Definition 2.2 relative 10 the regular structuies induced by the given
Abian's structures ; : :

{b} if the space X is compadct, then the converse of (a) is true.

Proof. Let the induced regular structures be denoted by i’ 7 ={U; ;e I and
I? = {V, . j=d } respeciively, where .
U=fxx") x es{x)} and V,={yy} yeS)
To prove (a), let je J be given, By assumptlsn there is an ie [ such that, for
each Xie y, f(X)c Y, forsome Y, e K Chviously, for any fixed xe X F(X) o
S F(x)) for every Xie y (x). Thus, {UKE=F (S{x))=~ {f () Xieq (B S, (F (x))=
V; IF ().

We proceed 1o prove (b).For given je Jand xp e X, fixa Y, = ff {f (xo}).
Since f(xo)= ¥; and ¥, is open in ¥, there is an &y & J such that ¥, [fixg)] < ¥,
Uniform continuity of acrording to Definition 2.2 implies the existence of an
mel such that FULdy o [f{x}} for all x e X Now xp e Xand Uge 7 ;

imply that there is a .k{; elwith U, o/ [x U [x,§, we see that for
every xel/, jx,}, JU, [xDos, ix, Db, {f(%)}c:'f Noting that
Xp i an as‘bntrar‘y point inn X, we have for each ch a kixJe ! such that
HUwfzlc Yifor some V) e Y and all ze Uefx] By compactness of X, there is
a finite set {x;,%, .....xJ = X such that {/, {x 1 p=12,..... m=x By{)ing
1, there is a ke fhix ) k(xz),........ k(x4 such that k- k(x,) for aii p=12,... ... R
Assert thal each Xy ¢y IS mapped into some Y ¢ Y]. Since Xye yx
must be a member of y (¥) for some x e X (the case X, = @ is trivial
and is not considered), X = S0 S, (x)=U, [x], where pisin {1,
2, .ompwithx e U, [x 1. ‘Efoiiows that i (Xk) c:f( U ?x] Yo Y
for some Y, € YJ the themem is proved.

4. REMARKS
Remarﬁ: 4.9, Owing to Theorem 3.3, Abian’s result follows from our
Theorem 2.1, If a regular structure ] fora topelogical space X (that is,

U induces the topalogy for X) is induced by an Abian’s structure, then
avery two members of ff are comparable with respect 1o <. However,
in general a regular structure need not have this property and hence is
not necassarily induce by an Abian’s structure. Thus we can hardly say
that Abian's result implies ours.

]

Remark 4.2. A regular structure for a space X is simiiar to a
symmetric indexsd neighborhood system with “local triangle ineguality '’
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for X " defined by Davis [2]. Similar to his proof {2, Theoremd], we can
show that a topological space adimits a reguiar structure if and only if it
is reguiar. Consequentiy, a topological space that has an Abian's
structure must be regular. it is unknown to the author whether a regular
topological space admits an Abilan’s structure or not.
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