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1.3.2.2 Lower Bound of Collection Capacity
The data collection algorithm based on branch scheduling in the BFS tree can still achieve the
W
! is no longer bounded by a constant,
capacity of ! . However, in the general graph model, ∆
∆
W
and it could be O(1) or O(n). Thus, there is a gap between our lower bound of data collection !
∆
and the natural upper bound W. Considering both examples shown in Figure 1.12 of the article,
W
the BFS tree-based method method matches their tight upper bounds
and W. For the star
n
topology, even though the sink has the maximal interference Δ = n, each individual path has the
path interference Δi = 1, which leads to a capacity of W. For the straight-line topology, the path
W
W
interference of the single path Δi = n, thus the capacity is
. In both cases, ! matches the
n
∆
W W
optimal capacity. However, similar to
, ! is still not a tight bound. We will show such an
∆ ∆
example in Figure 1.14. In this subsection, we will provide two new tighter lower bounds for data
collection in the general graph: one based on the branch scheduling method and the other based
on a greedy scheduling method.
We first look at the branch scheduling–based method (Algorithm 1). We modify the basic
path scheduling of the BFS tree-based method to achieve better collection capacity. Recall that
in Section 1.3.1.2, we claim that the path scheduling for a path Pi can be done in Δi × |Pi| time
slots. However, we can perform path scheduling in the following way to save more time slots.
Assume that path Pi = s , v1 , v 2 ,…v Pi includes |Pi| hops. Let δ kPi = max δ Pi (v1 ),…, δ Pi (vk ) , that is,
δ Pi (vk ) is the maximum interference number among the first k nodes v1 to vk in path Pi. Clearly,
δ Pi (vk ) ≤ δ Pi (vk + 1 ). In the first step, using δ PPi slots, every node on the path transfers its data to its

{

}

i

parent in the BFS tree. After the first step, the leaf v Pi already finishes its task in this round and
has no data from the current snapshot. In the second step, using δ PPi −1 slots, the current snapshot
i
data will move up one more level along the path in a BFS tree. Repeat these steps until all data
along this path reaches the sink. It is easy to show that the total number of time slots used by the
Pi

above procedure is

∑δ . Because δ
Pi
k

|Pi |

Pi
k

≤ ∆i ,

k =1

∑δ

Pi
k

≤ ∆i × Pi .

k =1

Pi

Figure 1.14 shows an example in which

∑δ

Pi
k

is much smaller than Δi × |Pi|. Again, we have

k =1

n sensors and the sink distributed on a line P as shown in the figure. Assume that R = r. On the
left side, there are log n nodes close to each other, thus their δ(vi) = log n except for δ(vn−log n+1) =
log n + 1. On the right side, every node has δ(vi) = 3. Thus, Δ = Δi = log n + 1 and Δi × |Pi| = Θ(n
log n). In addition, δ kP = log n + 1 for k = n − log n + 1,…, n and δ kP = 3 for k = 3,…, n − log n,

log n
vn

Figure 1.14

r

vn

r

vn

log n + 1

n log n

log n

r

r

r

r

r

r

v1 r

s

Illustration of the advantage of a new path scheduling. Here, R = r.
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P

δ = 2, and δ = 1. Therefore,
P
2
P

P
1

∑δ

P
k

∑δ

P
k

= (log n + 1)log n + 3(n − log n ) −3 = Θ(n ). It is obvious that

k =1

= Θ(n ) is smaller than Δi × |Pi| = Θ(n log n) in order.

k =1

Using the new path scheduling analysis described above, we now derive a tight lower bound for
our BFS tree-based method. Recall that our method transfers data based on branches in the BFS
tree T. Given T, there are c paths Pi and c branches Bi as shown in Figure 1.10a and b. Then, the
total number of time slots used by Algorithm 1 with the new path scheduling is at most
c

Pi

∑ ∑

δ kPi .

i =1 k = Pi − Bi +1
c

It is clear that this number is much smaller than

∑(∆ × B )
i

i

from a previous analysis.

i= 1

Notice that for path Pi our algorithm (lines 3 and 4 in Algorithm 1) will terminate the transmission until branch Bi does not have data for the current snapshot and switches to the next path
Pi+1. Thus, the index of k is only from |Pi| to |Pi| − |Bi| + 1. Therefore, the capacity achieved by our
algorithm is at least
W
c

Pi

∑ ∑

i =1 k = Pi − Bi +1

δ kPi

.

n
c

Let ∆** =

Pi

∑ ∑

δ kPi

i =1 k = Pi − Bi +1

, which can be derived given the BFS tree. We now have a new lower
n
W
bound of collection capacity as
[26,27]. Here, Δ** is a kind of weighted average of the maxi∆**
mum interference among paths Pi and branches Bi in the BFS tree. We then have the following
relationship:
! ≥ ∆** ≥ 1,
n≥∆≥∆
among the maximum interference number Δ in the whole graph, the maximum interference
! in the paths/branches of the BFS tree, and the “average” maximum interference Δ** in
number ∆
the paths/branches of the BFS tree. These three interference numbers can be diﬀerent from each
other in order.
Now we introduce a new greedy-based scheduling algorithm inspired by Bonifaci et al. [32]
and show that it can achieve a nice approximation ratio and lead to another tighter lower bound
of collection capacity. The scheduling algorithm still uses the BFS tree as the collection tree. All
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messages will be sent along the branch toward the sink s. For n messages from one snapshot, it
works as follows. In every time slot, it sends each message along the BFS tree from the current
node to its parent, without creating interference with any higher-priority message. The priority ρi
1
of each packet pi is defined as
. It is clear that packets originating from the children of the
l (v i )
sink have the highest priority ρi = 1, whereas packets originating from other nodes have lower priority
ρi < 1. For two packets with the same priority (on the same level in the BFS tree), ties can be broken
arbitrarily. Given a schedule, let v τj be the node of packet pj in the end of time slot τ. The detailed
greedy algorithm (Algorithm 2) is given in Figure 1.15.
Now we analyze the capacity achieved by this greedy data collection method. Before presenting the analysis, we first introduce some new notations. For two nodes vi and vj, h(vi, vj) denotes
the shortest hop number from vi and vj in graph G. The delay of packet pj is defined as the time
until it reaches the sink s, that is, D j = t ⋅ min{τ : v τj = s }.
Let λi be the minimal number of hops that a packet needs to be forwarded from node vi before
a new packet at vi can be safely forwarded along the BFS tree. So λi = max{l|∃vj, h(vi, vj) = l and
transmission from vi to par(vi) interferes with transmission from vj to par(vi)} + 1. Here, par(vi) is
the parent of vi in T (see Figure 1.16 for illustration). Here, λi = 4 for vi. We define λ = maxi{λi}.
Both λ and λi are integers (hop counts). In addition, we can prove λ ≥ λ* as follows.
Algorithm 2 Greedy Scheduling on BFS Tree
Input: BFS tree T rooted at s.
1: Compute the priority ρi = 1/l(υi) of each message pi.
2: for each snapshot do
3:
while ∃pj such that υτj ≠ s do
4:
for all such pi in decreasing order of priority ρi do
5:
if sending pi from node υτj will not create interference with any higher-priority messages that are
already scheduled for this slot then
6:
node υτj sends pi to its parent par(υτj ) in T.
7:
end if
8:
end for
9:
τ = τ + 1.
10:
end while
11: end for

Figure 1.15

Greedy scheduling on a BFS tree.

vi
vj

λi

Figure 1.16 Illustration of the definitions of λi.
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Lemma 8
In the general graph model, λ ≥ λ* [27].
Proof
Let vk be the node inside critical region with the largest level. We now consider two cases.
Case 1: If there is a node outside the critical region, as shown in Figure 1.13a, the transmission
from vs to vk should interfere with the transmission from vq to s. Thus, in view of vs, its λs ≥
l* + 1 = λ*. Therefore, λ ≥ λ*.
Case 2: If all nodes are inside the critical region, again consider the vk with the largest level.
Then, λ = λk = l(vk) + 1 > l(vk) = λ*.
Consequently, we conclude that λ ≥ λ*.
Packet pj is said to be blocked in time slot τ if, in time slot τ, pj is not sent out. We define the
following blocking relation in our greedy algorithm schedule: pk ≺ pj if in the last time slot in
which pj is blocked by the transmission of higher priority packets in that time slot, pk is the one
closest to pj in terms of hops among these packets (ties broken arbitrarily). The blocking relation
induces a directed blocking tree TD in which nodes are all message pi and edge (pk, pj) representing
pk ≺ pj. The root pr of the tree TD is a message with the highest priority (originating from a child
of s), which is never blocked. Let P(j) the path in TD from pr to pj and h(j) be the hop count of P(j).
We then derive an upper bound on the delay Dj of packet pj in the greedy algorithm.
Lemma 9
For each packet pj in the snapshot [27], its delay
Dj ≤ t ⋅

∑ min{l (v ), λ}.
i

pi ∈P ( j )

Proof
We prove this lemma by induction on h(j). For any packet pj, if h(j) = 0, which means pj is the
root pr of TD, it will not be blocked. So, Dj ≤ t · l(vj). Then, consider the right side of the inequation

∑ min{l (v ), λ} = t ⋅ min{l (v ), λ}. Because p is the packet with the highest priority, l(v ) = 1
and l(v ) ≤ λ. Thus, t ⋅ ∑ min{l (v ), λ} = t ⋅ l (v ) and the claim in this lemma holds for the case
t⋅

i

j

j

pi ∈P ( j )

j

in which h(j) = 0.

i

pi ∈P ( j )

j

j
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If h(j) > 0, that is, pj ≠ pr, let τ be the last time slot in which pj is blocked by packet pk, that

(

)

is, pk ≺ pj. Notice that t ⋅ h vkτ , s ≤ Dk − t ⋅ τ , otherwise pk would not reach s by time Dk. Also,

(

)

h v τj , vkτ ≤ λ − 1 because after pk moves one hop, pj is safe to move. From time slot τ + 1, pj may be
forwarded toward s over one hop in each time slot, and reach s at the earliest time slot,

( )

) (

(

)

D j ≤ t ⋅ ⎡⎣ τ + 1 + h v τj , s ⎤⎦ ≤ t ⋅ ⎡⎣ τ + 1 + h vkτ , s + h v τj , vkτ ⎤⎦
≤ t · (τ + 1) + Dk − t · τ + t · (λ − 1) = Dk + t · λ.
On the other hand, Dj ≤ Dk + t · l(vj) because after pk reaches the sink s, pj needs at most l(vj) to
reach the sink. Consequently, Dj ≤ Dk + t · min{l(vi), λ}. This completes our proof.
Lemma 10
The data collection capacity of our greedy algorithm [27] is at least

λ* W
.
λ ∆*

Proof
Let pj be the packet having a maximum of Dj. By Lemma 9 and Lemma 8 (λ ≥ λ*),

Dj ≤ t

λ

∑ min{l (v ), λ} ≤ λ* t ∑ min{l (v ), λ*}
i

pi ∈P ( j )

i

pi ∈P ( j )

⎤
⎡
λ ⎢
λ
⎥
≤ t
l (v i ) +
(l * + 1) =
t
⎥ λ*
λ* ⎢
vi ∉D ( s ,l * )
⎣ vi ∈D ( s ,l * )
⎦

∑

∑

∑

Thus, the capacity achieved by our greedy algorithm is at least

λ*i =

i

λ
nt ∆*
λ*

nb λ * W
=
.
Dj
λ ∆*

In summary, we show that under the protocol and general graph models, the data collection
capacity for arbitrary sensor networks has the following bounds:
Theorem 7
Under the protocol and general graph models [27], the data collection capacity for arbitrary sensor
λ* W
W
networks is at least
and at most
.
λ ∆*
∆*
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Here, λ* describes the interference around the sink s, whereas λ describes the interference around
λ*
λ*
a node vi. Because λ ≥ λ*,
≥ 1. For the disk graph model,
is a constant. However, for the
λ
λ
general graph model, it may not be. Thus, there is still a gap between the lower and upper bounds
(such an example is given in Figure 1.14). We leave finding tighter bounds to close the gap for
future works. For two examples in Figure 1.12, the greedy method matches the optimal solutions
in order. For the straight-line topology in Figure 1.12a, λ = λ* = n and Δ* = Θ(n). Thus, the capac⎛W ⎞
λ* W
ity
= Θ ⎜ ⎟ matches the upper bound. For the star topology in Figure 1.12b, λ = λ* = 1
⎝ n⎠
λ ∆*
λ* W
and Δ* = 1. In this case,
= Θ(n ) also matches the upper bound. Compared with the branch
λ ∆*
scheduling method, the greedy method can achieve much better capacity in practice because it
allows packet transmissions among multiple branches of the BFS tree in the same time slot.
λ* W
Compared with the lower bound of
, which we derive from greedy scheduling on the
λ ∆*
W
BFS tree, this lower bound of
, which we derive from branch scheduling on the BFS tree,
∆**
⎛ W ⎞
λ* W
may be smaller in some cases. Consider the example in Figure 1.14,
, whereas
= Θ⎜
log n ⎟⎠
λ ∆*
⎝
W
W
=
= Θ(W ). However, the reason is mainly due to the rough relaxation in our capacity
∆** ∆**
analysis of greedy scheduling.
Finally, the bounds of collection capacity could be revised as the following:
Theorem 8
Under the protocol and general graph models [27], data collection capacity for arbitrary sensor
W
⎧ λ* W W ⎫
networks is at least min ⎨
and at most
.
,
⎬
∆*
⎩ λ ∆* ∆** ⎭

1.3.3 Data Collection under the Physical and Generalized Physical Models
Similar to the random network part, we can also consider data collection under a physical model
or a generalized physical model instead of a protocol model for arbitrary networks.

1.3.3.1 Data Collection under the Physical Model
Chen et al. [27] proved the following theorem for data collection in arbitrary WSNs under the
physical model.
Theorem 9
Under the physical and disk graph models [27], the data collection capacity for arbitrary WSNs
is Θ(W ).
The basic idea of their proof is as follows. To give an upper bound on the capacity of data collection, an artificial transmission range r 0 and an artificial interference range R 0 are defined, such
that (1) the receiving node vj of a sender vi is within distance r 0, and (2) a transmitting node vk
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will cause interference at node vj within distance R 0. That is, if there is any interference among
the nodes in the protocol model with these artificial ranges, there is also interference among them
in the physical model. By artificially setting r 0 and R 0 (which are both constants), we convert the
physical model into a protocol model. Using previous proofs in protocol model, it is straightforward to show that the upper bound on the capacity under the disk graph model is bounded by
Θ(W ). Similarly, to give a lower bound on the capacity of data collection, an artificial transmission range r1 and an artificial interference range R1 are defined, such that, when all simultaneously
transmitting nodes are separated by a distance R1, and the receiving nodes of a transmitting node
is within r1, the SINR of every receiving node is at least η. In other words, if there is no interference among nodes in the protocol model with artificial ranges r1 and R1, there is no interference
among the nodes in the physical model as well. Thus, we can convert the physical model into a
protocol model. Using previous collection algorithms for the protocol model, it can be shown that
the lower bound Θ(W ) on the capacity of data collection under the disk graph model is achievable.

1.3.3.2 Data Collection under the Generalized Physical Model
For the capacity of data collection under a generalized physical model, we can derive an upper
bound by considering the congestion near the sink node. In particular, we can prove that whatever
scheduling scheme is implemented, the total transmission rate of all the incoming links at the sink
node is upper bounded by some value. As a bottleneck, the capacity of the whole network is always
bounded by that value, as stated in the following theorem.
Theorem 10
Under the generalized physical and general graph models [27], data collection capacity for arbitrary sensor networks is at most
maxi(Wis) + W · log2 n.
The first part of this upper bound depends on the rate of the shortest incoming link
at the sink, whereas the second part depends on the total number of nodes. Notice that
⎛
P ⎞
max i (Wis ) ≤ W ⋅ log 2 ⎜ 1 +
. Thus, which part of the bound plays an important role depends
N 0 ⎟⎠
⎝
P
on the relationship between n and 1 +
. When the network is a regular grid or a random
N0
homogeneous topology, we have maxi(Wis) + O(W log n). Therefore, the total rate of all incoming
links at sink node s is at most O((log n)W ). The detailed proof of this theorem is similar to the one
for Lemma 4 in Section 1.2.4.2, and it is true for any general graph. A lower bound of data collection capacity in this model is still open.

1.4 Conclusion
In this chapter, we investigate the theoretical limitations of data collection in terms of capacity
for both random and arbitrary WSNs under diﬀerent communication models. Table 1.1 briefly
summarizes all completed work.

Disk graph

Disk graph

Disk graph

Disk graph

Disk graph

Disk graph

General graph

Disk graph

General graph

Random net

Random net

Random net

Random net

Random net

Arbitrary net

Arbitrary net

Arbitrary net

Arbitrary net

Graph Model

Generalized physical

Physical

Protocol

Protocol

Generalized physical

Physical

Protocol

Protocol

Protocol

Communication Model

1

1

1

1

1

1

k (regularly deployed)

−

) ≤ C ≤ O((log n)W )
C = Θ(W)

p
2

C ≤ max i(Wi0 ) + W · log2 (n)

C = Θ(W)

⎛W ⎞
⎪⎧ ⎛ λ* W ⎞ ⎛ W ⎞ ⎪⎫
min ⎨Θ ⎜
⎟⎠ , Θ ⎜⎝ ** ⎟⎠ ⎬ ≤ C ≤ Θ ⎜⎝ * ⎟⎠
⎝
*
∆
∆
λ ∆
⎪⎩
⎪⎭

(

Ω (log n)

C = Θ(W)

⎛ n ⎞
⎛ n
⎞
C = Θ⎜
W ⎟ if k = ω ⎜
⎝ log n ⎟⎠
⎝ log n ⎠

⎛ n ⎞
⎛ k
⎞
Θ⎜
W ⎟ ≤ C ≤ C = Θ(kW ) if k = O ⎜
⎝ log n ⎟⎠
⎝ log k ⎠

⎛ n
⎞
⎛ n ⎞
C = Θ⎜
W ⎟ if k = Ω ⎜
⎝ log n ⎠
⎝ log n ⎟⎠

⎛ n ⎞
C = Θ(kW) if k = O ⎜
⎝ log n ⎟⎠
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C = Θ(W)

Sink no. k
1

Summary of Capacity Limits on Data Collection in WSNs

Network Model

Table 1.1

Data Collection in Wireless Sensor Networks
◾
35

36

◾ Wireless Sensor Networks

There are other advanced techniques, which can be applied in the data collection process to
further improve capacity, such as using multiradios to reduce interference [18], using data aggregation to merge data packets [22,23,33], or using compressive data gathering to compress data
packets [18,19]. For example, if each sensor can aggregate its received data (multiple packets) into
a single packet, the following theorem can be proved, showing improved data rate and capacity for
random networks over Theorem 1.
Theorem 11
Under the protocol model [22,23], the delay rate Γ and the capacity C of data aggregation in ran⎛ n
⎞
dom sensor networks with a single sink are Θ n log nW and Θ ⎜
W ⎟ , respectively.
⎝ log n ⎠

(

)

Notice that for data collection, the delay rate and the capacity are in the same order (Theorem 1),
that is, pipelining can improve only a constant factor of the data rate. However, for data aggregation, it is very interesting to see that pipelining can increase the data rate in order.
Finally, all results presented in this chapter focus on how fast the data collection can be performed under the existence of interferences among sensors. However, in practice, there are also
other metrics that should be considered for data collection in WSNs, such as total energy consumption [33], message complexity [33], load balancing among sensors, or possible retransmissions [21].
Readers are encouraged to check relevant references in the literature.
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